We calculate the shift in the critical temperature of Bose-Einstein conden- 
I. INTRODUCTION
The achievement of Bose-Einstein condensation in ultracold, trapped dilute alkali gases, beyond realizing a striking and spectacular experimental confirmation of a long-standing, fundamental prediction of quantum theory, has initiated and stimulated as well a whole new field of research in the physics of quantum gases in confined geometries [1, 2] . Nowaday, many different atomic species and isotopes can be succesfully cooled and trapped in the gaseous state, to investigate in exceptional conditions of purity and isolation the properties of interacting Bose and Fermi systems, or Bose-Fermi mixtures.
In particular, the experimental realizations of trapped gaseous mixtures of bosons and fermions are both an interesting new instance of a quantum many-body system and a very useful tool to reach the regime of quantum degeneracy for a Fermi gas via sympathetic cooling of the fermions by the bosons [3] [4] [5] [6] [7] . From a theoretical point of view, dilute BoseFermi mixtures have been the object of recent investigations addressing, for example, the determination of the density profiles of the two components in trapped systems [8] , the problem of stability and phase separation [9] , and the effect of boson-fermion interactions on the dynamics [10] and on the ground-state properties [11] of the mixture.
Boson-fermion interactions in a Bose-Fermi mixture can induce a net attractive interaction between the fermions, thus introducing a further mechanism toward the achievement of the BCS transition in trapped Fermi gases [12] . In this paper we address the reverse problem, i.e. how the transition temperature of Bose-Einstein condensation is affected by the presence of the fermions in a trapped mixture. The shift of the transition temperature T c due to interactions in a pure trapped Bose system has been calculated within the mean-field approximation in Ref. [13] . In the present work we extend the perturbative methods of Ref.
[13] to obtain the shift of T c to lowest order in both the Bose-Bose and Bose-Fermi coupling constants. To this order the effect on T c of boson-boson and boson-fermion interactions are independent and add linearly. The relative importance of the two effects depends on the relevant parameters of the trapped mixture: number of bosons and fermions in the trap, ratio of the masses and of the oscillator frequencies for the two species and the ratio of the Bose-Bose and Bose-Fermi coupling constants. The calculation is carried out in local density approximation which is valid provided that the number of bosons and fermions in the trap is large. Finite size effects have not been included in the present treatment.
The plan of the paper is as follows: in Section II we generalize the scheme derived for pure Bose systems in Ref. [13] , to include the effects of boson-fermion interactions. In Section III we derive analytical results for the shift of T c in the limits of a highly degenerate (Thomas-Fermi) and a classical (Boltzmann) Fermi gas, and we provide the full numerical solution for the intermediate regimes. We finally compare the theoretical predictions with the current experimental situations and we draw our conclusions.
II. THEORY
In a non-interacting Bose gas confined by the external harmonic potential
is given by
where ω B = (ω x ω y ω z ) 1/3 is the geometric mean of the oscillator frequencies and m B , N B are respectively the particle mass and the number of bosons in the trap. The above result is obtained using the local density approximation (LDA), where the temperature of the gas is assumed to be much larger than the spacing between single particle levels: k B T ≫hω x,y,z .
In this case the density of thermal atoms can be written as
where λ
is the boson thermal wavelength, and
is the standard Bose function of order 3/2. At T = T . The first correction due to the finite number of atoms in the trap is given by [14] :
whereω B = (ω x + ω y + ω z )/3 is the arithmetic mean of the oscillator frequencies.
Interparticle interactions have an effect on the BEC transition temperature as well. The presence of repulsive interactions has the effect of expanding the atomic cloud, with a consequent decrease of the density. Lowering the peak density has then the effect of lowering the critical temperature. On the contrary, attractive interactions produce an increase of the density and thus an increase of T c . This effect, which is absent in the case of a uniform gas where the density is kept fixed, can be easily estimated within mean-field theory. For pure bosonic systems the shift δT c = T c − T 0 c has been calculated in Ref. [13] ,
to lowest order in the coupling constant g BB = 4πh 2 a BB /m B . In the above equation a BB is the boson-boson s-wave scattering length and ℓ B = h/m B ω B is the harmonic oscillator length. Result (4) has been obtained within LDA and neglects finite size effects.
In the case of trapped Bose-Fermi mixtures the shift of T c , due to both Bose-Bose and Bose-Fermi couplings can be calculated in mean-field approximation using the methods of Ref. [13] . The transition temperature T c of a trapped Bose gas is defined by the normalization condition
where n B is the thermal density of bosons and µ c is the critical value of the boson chemical potential. Within LDA the boson density above T c is given by
where
is the effective potential acting on the bosons which is generated by the external field V B ext and by the mean field produced by interactions with the other bosons and with the fermions.
Notice the factor 2 present in the Bose-Bose contribution and absent in the Bose-Fermi term due to exchange effects. In the above equation n F (r) is the fermion density and
2 a BF /m R is the Bose-Fermi coupling constant, fixed by the boson-fermion s-wave scattering length a BF and by the reduced mass m R = m B m F /(m B + m F ), where m F is the fermion mass.
For a fixed value of the boson chemical potential µ B and a fixed temperature T , the boson density (6) can be expanded to first order in g BB and g BF as
in terms of the non-interacting boson (2) and fermion density
In the above equation λ
is the fermion thermal wavelength, and
is the Fermi function of order 3/2 defined as
Result (9) has been obtained in LDA for a Fermi gas in the trapping potential V
where N F is the total number of fermions in the trap. The condition of validity for LDA requires the Fermi temperature of the fermionic system to be much larger than the harmonic oscillator energies k B T F ≫hω ′ x,y,z . For a non-interacting trapped Fermi system the Fermi temperature, or equivalently the Fermi energy, is given by
is the geometric mean of the fermion oscillator frequencies.
To first order in g BB and g BF , the critical value µ c of the boson chemical potential can be written as
By writing T c = T 0 c + δT c , one can expand Eq. (5) obtaining the following result for the total relative shift of the condensation temperature:
where the derivatives of the non-interacting boson and fermion densities n This effect is peculiar of trapped systems, since it vanishes identically in the case of uniform systems, and should not be confused with the shift of T c occurring in homogeneous Bose systems, which is instead due to many-body effects [15] . (ii) The shift originating from the Bose-Fermi coupling, similarly to the one arising from the Bose-Bose one, is negative if g BF > 0 and is positive if g BF < 0. If a BB and a BF have opposite sign, the corresponding shifts of T c go in opposite directions. (iii) Result (13) holds to lowest order in g BB and g BF and, since it has been obtained using LDA, is exact if the number of bosons and fermions is large. Finite-size corrections are not included in (13) . For a finite system, a reasonable estimate of the total shift of the critical temperature can be obtained by adding to result (13) the finite-size correction (3) of the non-interacting model.
III. RESULTS
We now concentrate on the relative shift (δT c /T 0 c ) BF due to the boson-fermion interaction. First of all we observe that
and T 
In the following we shall assume that even if the trapping potentials of bosons and fermions can have different oscillator frequencies, nevertheless ω x /ω
e. the anisotropy is the same for the bosonic and fermionic trapping potentials. This is always the case in today's experiments, and assuming otherwise would introduce unnecessary complications. In fact, the assumption of equal anisotropies holds in general in magnetic traps since the confining potentials depend only on the (common) external magnetic field, the magnetic moments, and the masses of the atoms. Eq. (15) (15) and (11) have then to be solved simultaneously. We notice that Eq. (11) can be rewritten in dimensionless form asT 
In writing Eq. (17) we have rescaled each integration coordinate by the appropriate ThomasFermi radius of the fermion cloud R
We have then introduced the mean
Sinceμ F depends only oñ T F through Eq. (16), the integral in Eq. (17) above depends only on the values of the two parametersT F and α.
The system of Eqs. (17) and (16) for generalT F and α can only be solved numerically, and later we shall present the full numerical results for some specific choices of the parameters.
However, analytical solutions exist in two limits: whenT F ≫ 1 (i.e. T F ≫ T 
and ℓ F = h/m F ω F is the fermionic oscillator length. Notice the formal analogy between Eq. (18) and Eq. (4) for the shift (δT c /T 0 c ) BB due to the boson-boson interactions alone. Let us begin by considering the Thomas-Fermi limit (T F ≫ 1). In this limit the chemical potential of the fermions µ F tends to the Fermi energy ǫ F = k B T F . Thusμ F ≃T F ≫ 1.
The limit of the Fermi functions in Eq. (10) 
This implies that the density profile of the fermion cloud takes the well known Thomas-Fermi
with n 0
, whenever the expression inside the square brackets is positive, and n 0 F (r) = 0 otherwise. The function F (T F , α) then goes to the limiting form
We obtained Eq. (21) in the limitT F ≫ 1. Therefore, if α is not too small (so that T F α ≫ 1 still holds), then, for every n in the series, the exponential is non-vanishing only for values of s ≪ 1, and we can adopt the expansion 1 (3)/4α and the Thomas-Fermi prediction for the relative shift reads
where 3 1/6 /(2 1/3 π) ≃ 0.304. We notice that in the Thomas-Fermi regime the shift is independent of the number of bosons N B and varies as the first inverse power of the parameter
F . We now consider the Boltzmann limit for the Fermi gas (T F ≪ 1). In this case the chemical potentialμ F is large and negative and depends onT F as:μ F ≈ ln{(T F ) 3 /6}. In the limit x → 0, f 3/2 (x) ≈ x, and then
Evaluation of the integrals is straightforward and yields
with
so that:
where the numerical prefactor is ≃ 0.025.
We notice that f (α) in Eq. (25) is a monotonically decreasing function of α. In particular, one finds the following behaviours: f (α → 0) = π 2 /6, f (1) ≃ 0.85, and f (α → ∞) = 3ζ(3)/2α. As one should expect, in the Boltzmann limit (T F ≪ 1), the Bose-Fermi shift is negligible.
We now turn to the full numerical solution of Eqs. (18), (19), and (16) for more general values of the degeneracy parameterT F . In Fig. 1 we show the dimensionless function The physically relevant regimes in current experiments fall roughly around α ≃ 1 and
In this respect, a particularly interesting situation is the one realized in the Florence experiment [7] , where a quantum degenerate trapped atomic mixture of fermionic 40 K and the critical temperature is a small effect for the present experimental conditions, it might be observable. Since the fermions can be eliminated from the trap, one can look for the differences in the transition temperature with and without fermions.
In conclusion, we have determined the relative shift of the critical temperature of BoseEinstein condensation in a trapped atomic Bose-Fermi mixture to lowest order in both the boson-boson and the boson-fermion coupling constants. We have determined numerically the general behaviour of the boson-fermion shift, and we have provided full analytical solutions in the quantum degenerate Thomas-Fermi regime and in the classical Boltzmann regime. We have applied our predictions to a specific experiment (the Florence experiment [7] , chosen for the interesting value of the Bose-Fermi scattering length), and discussed the relative importance of the shifts due to boson-boson and boson-fermion interactions.
